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February 9, 2009
The Monthly problem #11410 [1] asks to find n−1 sin 2 (nx) sin 2 (nφ)
Let F (x, φ) denote the value of the function whose limit is to be evaluated, and let G(φ) = lim x→0 F (x, φ). We first experimented computationally, using Mathematica, with the expression on the right-hand side and found that for φ = kπ/24, where 1 ≤ k ≤ 11, the numerical values (to 60 significant digits) of G(φ) are are roots of the quadratic polynomial −1 + 336t − 576t 2 , the cubic polynomial −4 + 575t − 2160t 2 − 576t 3 , or the quartic polynomial −1 + 14405 − 77184t 2 + 829440t 3 − 331776t 4 . Examining the problem as stated, we then found, using the Fourier series for log(2 cos(φ/2)), that the function F can be written as
Maple 12 was unable to evaluate this as written, but after applying the substitution sin 2 θ = (1 − cos(2θ))/2, it was able to evaluate the sum in terms of logarithms and trilogarithms and reduce the entire limit expression to G(φ) = −1/12 + 1 6 cos(2φ) + 6 , which then can be further simplified to
As a check, we computed the values of this expression numerically for φ = kπ/24, where 1 ≤ k ≤ 11, and found that they agreed with the values given above to 60-digit accuracy.
